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Introduction

In a previous paper [11] we discussed polynomial methods for the

merical solution of differential equations of the type
av _

.1) at =DU + F,
ere i} and F are (vector) functions of the variable t, and D is a matrix
th constant coefficients. In particular, we were interested in initial
lue problems for equations of type (1.1) which arise from partial
scretization of linear partial differential equations. A number of
fference schemes were developed which are appropriate for such equations.
re, we concentrate on another important class of differential equations
' type (1.1), the so-called stiff equations, i.e. equations of which the
lution can be distinguished in slowly and rapidly varying functions. The
pidly varying components correspond to eigenvalues of D which have a
rge modulus, the slowly varying ones to eigenvalues with a small modulus.
en Runge-Kutta methods are applied to such equations small steps are
:quired in order to represent accurately the fast components, while large
eps are allowed for the slow components. Although the fast-components
nish after some time in the_analytical solution, they always are present
. a numerical approximation because of round-off errors. Therefore, Runge-

itta methods are not attractive in solving stiff equations.

The first numerical treatment of stiff equations seems to be given by
rtiss and Hirschfelder [5] in 1952. For the case of systems of equationms,
wever, Moretti [19] reported some short-comings of their algorithm. After
e paper of Curtiss and Hirschfelder, particularly in recent years, a
rge number of numerical methods have been developed (see the reference
st at the end of this paper). The greater part of these methods are based

some representation of the solution, which takes into account that the
neral solution is composed of a slowly and a rapidly varying component.
mention the papers of Certaine [4] (1960), Pope [20] (1963), Treanor [22]
966), Fowler and Warten[T] (1967), Liniger [16] (1968), and Lawson [17]
96T7). Except for the method of Liniger, these methods are all explicit




or multi-step methods, which allow considerably larger steps than the
-Kutta methods. In this paper we propose two further explicit methods
may be useful in solving stiff equations. The first methods is based
e polynomials given in [11]. However, instead of a polynomial with

. coefficients we now use a polynomial with coefficients depending on

tep length. The step is prescribed by accuracy censiderations and the

icients are selected in such a way that the corresponding polynomial
able for this step.

econd method. exploits the locations of the eigenvalues of the matrix
erefore, a rough knowledge of these locations is necessary. We discuss

ating polynomials which are appropriate in cases where the eigenvalues

nown to lie either in two widely seperated clusters centered at the
ive real axis, or in three clusters two of which being conjugate

ex, the third being near the origin. These polynomials are, in fact,

oint approximations of the exponential operator, whereas the polyno-
generating the first method are one-point approximations.

Another possibility is the use of implicit difference schemes. We

© to the papers of Dahlquist [6] (1963), Calahan [3] (1967), Liniger

illoughby [17] (1967) and Gear [9] (1969). Such schemes allow, in

al, unrestricted time steps but this has to be paid for by solving at
integration step a system of algebraic equations. It depends, there-
on the particular problem whether an implicit method should be used

t.

ction 6 we give the general generating function (a rational function

ad of a polynomial) of implicit difference schemes, the consistency

tions, and the stability criteria of some schemes.

Numerical applications of the methods proposed in this paper will be

. in reference [12] (to appear).

Finally, the author wishes to acknowledge the work done by Mr. IJssel-
. who wrote the plotting-program by which the figures 4.3 and 4.k were

ned.




Stiff equations

General considerations

The first numerical approach to a (single) stiff equation seems to be
ren by Curtiss and Hirschfelder [5 ] in 1952. In their paper, a single
ferential equation is called stiff in the neighbourhood of the point
: tk’ when in this neighbourhood, the integral curves of the equation

re the behaviour as shown in figure 2.1.

fig. 2.1 Integral curves of a single stiff equation

U, (¢)

1s, a stiff equation has one slowly varying solution and further only
lutions which converge to (or diverge from, depending on the direction
integration) this particular solution. Hence, the integral curve y = ﬁ(t
rresponding to the given initial value problem, finally converges to a,

; us say, asymptotic integral curve. We shall denote the asymptotic solut
aA(t). This leads us to the following representation of the solution of
single stiff equation as the sum of an asymptotic part and a perturbatior
~t:

D{t-ty)

.1) B(t) = EA(t) +e [ G(tk) - EA(tk) 1.

the following we shall assume that the perturbation part decreases for

sreasing values of t, i.e. D is assumed to be negative.




A typical example of a stiff equation is given by

g—_'\;_ v 2'\; _'\:
(2.2) 3t U = - 1000 U + t%, U(o) = Uy
The general solution of (2.2) is given by

v -3,,2 -3 -6 -1000t % =9
(2.3) U(t) = 10 7(t-210 ~t+210 ") + e (Udeqo).

Evidently, here the asymptotic solution is

3 6)‘

n, _3 2 - -
(2.h) UA(t) = 10 2(t° - 210" "t + 210

This example leads us to the following non-geometrical definition of a

(single) stiff differential equation (compare Curtiss and Hirschfelder [ 51):

definition 2.1

iquation (1.1) is said to be stiff when |D| >> 1 and F(t) is a well-behaved

function of t, i.e. F(t) varies with t considerable more slowly than exp(Dt).

In order to extend this definition to setsof equations we uncouple these
. n, 4V
:quations by introducing the new dependent variable V = QU, where Q is a

1on-singular matrix. This yields

-1 -
'V = g

" L

V+ForV=QDQ V+ QF.

et us suppose that D has a complete set of eigenvectors. Then Q can be chosen
.n such a way that QDQ-1 becomes a diagonal matrix, i.e. the set of equations
.5 uncoupled. We shall call a system of equations stiff if one or more of the

mcoupled equations is stiff in the sense of definition 2.1, or equivalently

Jefinition 2.2

lquation (1.1) is said to be stiff when F(t) is a well-behaved function of t

ind the real parts of some of the eigenvalues of D are very large in magnitude.




Since the solution of each uncoupled equation can be written in the
orm (2.1), the solution of the originél set of equations can also be re-
‘esented in the form (2.1). However, the asymptotic solution is not unique,
it depends on the initial conditions. To illustrate this we consider the

y1lowing example of a set of stiff equations (compare Fowler and Warten [7]):

’-\: n n, n,
U=DU+F , U(O) =Uy»
.5) 9 ~500.5 499.5 2 . 1 -1
D= , F = ,UO=2(a+1) +b .
499.5 -500.5 2 1 1
L

lere a and b are real constants.
, is easily verified that the solution of (2.5) is given by
- 1 -1
.6) U(t) = 2(ae”t+1) + pe™1000¢
1 1

'om this expression it is seen that the asymptotic solution depends on the
ilue of a and only for very large values of t becomes independent of a.

In figure 2.2 some integral curves of equation (2.5) are shown.
&
//' =

fig. 2.2 1Integral curves of two coupled stiff equations

7
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2.2 The local discretization error

It was shown in [11], section 2.2, that the local discretization error
>f an integration method based on a p-th order approximation of exp(TD) is

ipproximately given by

(1) : pr1 (pt1) y(pe1) _ _aPl v
Pk Tt B | T e o =y UG)
dt t=t
k
or a stiff equation, the solution of which can be represented by (2.1),
shis may be written in the form
+ 1
— P+l p+l e P
2.7) P (e) | Tyt = Bpeq|TT (DF (U(y) - U, () + 7 Up(t)

dt

irstly, it follows from (2.7) that pk(T) converges rapidly to the function

S +1 o, :
1 pt+ 1 dp
\ ————
2.7") Py () (p+1) ! Bp+1 T 2P+ U, (t) .
t=t,

his demonstrates, as was already observed in [11], section 2.5, that in the

irst stage of the calculations (initial phase) a variable time step should

e used.

econdly, since EA(t) is a slowly varying function, pk(T) becomes very small

n the asymptotic region, so that, so far as accuracy is concerned, large

ime steps are allowed even when low order polynomials are used. However,

hen Runge-Kutta methods are used, the large spectral radius, which is

araracteristic for a stiff equation, implies small time steps. Therefore,

1e methods given in [11] are not appropriate for solving stiff equations.
In order to overcome this difficulty one may use implicit difference

chemes, which are, in general, stable for unrestricted time steps as will

= shown in section 6.

arother possibility is to exploit the smallness of pk(r) and to use poly-

>mials of order zero in the asymptotic region. It will be shown in section 3




t such polynomials have very flexible stability properties.
A further remark about the local error pk(T) in connection with stiff
ations is the following. During the numerical integration process it is

pk(r) which is available, but the error p'k(T) defined by (see figure

)

vy
! = -
Py (1) = Uy = s

vt

nt Ny
re U, = U (¢ +T), U (t) being the solution of the differential equation
(3)

ough the point (t ,uk) For small values of 19 Cy s Where

£

T) can be approximated by (compare [11], section 2.2)

! * 1 +1  (p+1)
8) pk('f) N [W— Bp+1:] P ckP .

pose now that the global error €, contains eigenvectors of D corresponding

k .
éJ) is of order [o(D)1Y and T should be

sen less than 1/0(D) in order to get a correct value of p k(T) by (2.8).

the large eigenvalues. Then c

Furthermore, in the asymptotic region this value of pk(r) is considera-
* larger than the value of pk(T) Hence, step size control based on the

ue of Dk(T) is too pessimistic in the asymptotic region.

containing "late" eigenvectors (b) containing no "late" eigen-

€x
vectors

€k

]
fig. 2.3 The error pk(r)
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] vy n [
ure 2.3 (a) t?e errors p, = Uk+1 - w,q andp = Ugyq = Weyq 8Te
rated. Here Wi denotes the numerical solution which is obtained

he integration starts in the point (tk, ﬁk)'

suppose that ¢, does not contain "late" eigenvectors. Then c becomes

(3)
' k

in the asymptotic region and pk(r) is comparable with pk(r). (see

. 2.3 (b)). Our conclusion is that in order to get a reliable step
rediction in the asymptotic region, which also holds for t > 1/0(D),
recommended to use polynomials which eliminates the "late" eigen-

's from €, as soon as the asymptotic region is reached.

'igenvalues distributed over widely spaced clusters

he stiff systems of differential equations arising in physics and

try often have eigenvalues which are distributed over a few widely

ted clusters. When a rough idea of the eigenvalue locations is available
n try to adapt the scheme to the problem to be solved. In this paper
sider the case where the eigenvalues occur in two clusters with center

» negative real axis and the case where they occur in three clusters

' which with conjugate complex centers and one with its center at the

Ve real axis.

uster case
luppose that it is known that the eigenvalues are distributed as
rated in figure 2.L4 (shaded region).

iImé
A

fig., 2.4 Eigenvalue locations in the two-cluster case
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thermpre, suppose that the gluster centers 61 and Gr are widely separated.
n, the asymptotic solution UA(t) will be composed of eigenvectors corres-
iing to the eigenvalues lying in the right hand cluster, whereas the vector
K) - BA(tk), occurring in the perturbation part of representation (2.1),
sists of eigenvectors corresponding to eigenvalues of the left hand cluster.
refore, in the neighbourhood of t=tk any solution of the differential
ation can be approximated by

t-t
9) A+ (-t )B, + edl( ! C, >

re Ak’ Bk and Ck are appropriately chosen vectors only depending on k

. . A . . .
not on t. In particular, the solution U (t) starting in the point (tk,uk)

. be represented in this way.
. two-cluster method, discussed in section 4.1, is in fact based on this

resentation.

‘ee-cluster case
When the eigenvalues are distributed as shown in figure 2.6, we may

nt
te for the solution U (t)

8, (t-t,) 3, (t-t. )
! . 1k, 1V !
U (t) = A + (t tk)Bk + e Cp+e C,o

» Re §

fig. 2.6 Eigenvalue locations in the three-cluster case
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1ivalently

Gl(t—tk)+iy al(t-tk)-iy

"\/'
) U (t) = Ak + (t—tk)Bk + |e + e ck,

Ak’ Bk and Ck
¢ with the arguments of the complex components of the vector Ck as

are appropriately chosen vectors and y is a diagonal
]
18l entries.
fhe three-cluster method discussed in sectionl.l uses this representatior

]
1e local analytical solution ¥ ().

Pference schemes with changing stability regions

lhe polynomials which generate the difference schemes discussed in re-
re [11], have constant coefficients B and, therefore, have a fixed
lity region, i.e. the values of t¢ are restrlcted to a fixed domain in
»mplex z = té-plane.

n this section we allow the coefficients B. to be functions of t.
leans that the local analytical solution a'(t) at t = t, is no longer

k

:d to behave like a polynomial of degree n in 1 = t-t, , but is repre-

k’
l in the more general form

n (

8'(t) = 3'(£k+r =+ B8 (T)Tc(1) + B (T)T2 (2) ...+ B (t)t e ¢,

irst, the problem is considered to choose the coefficients Bj(r) such

‘or a given time step 1, prescribed by accuracy considerations, the

» is stable, while the local discretization error is as small as pos-
In section 4 we derive functions Bj(r) which take into account the

bution of the eigenvalues of D.

aplification of the stability region

‘onsider a generating polynomial Pn(z) with stability region S, i.e.

ze S > an(z)| £ 1.
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riously, we have

1
2") z € E:'S > IPn(B1z)| < 1.

0

m this we immediately obtain

orem 3.1

5 Pn(z) generate a difference scheme which is for T ;=TO a stable scheme
;h respect to the given inital value problem. Then, the polynomial Pn(61z)

h 61 = TO/T1 generates a scheme which is stable for T ;=T1.

As an application of theorem 3.1 we consider the polynomial Ah(z). In
11, section 3.1, it was shown that any initial value problem, in which D
; eigenvalues with non-positive real parts, can be solved by this polynomial,
»vided that Tt < 2.63/0(D), o(D) being the spectral radius of D. According
the theorem, polynomial Ah(2.63z/ro(D)) is stable for any time step T.

Of course, we have to pay heavily for this property of unconditional
wility. The accuracy of polynomials Pn(81z), B, < 1, is only of order
0, i.e.

3) oy (1) v (1= g ) E1,

1s, only when c£1> is small we may use values of 81 less than 1. As was
served in the preceding section, stiff equations do have solutions for
.ch in the asymptotic region c( ) is small. Hence polynomials of the
>ve type may be useful. This w1ll be illustrated for example (2.2) given
section 2.
From (2.3) it follows that
3

n - -
U(tk) N 107382, 8(1) n 21077t t. >> 10

-3
k k k * 'k ’

1ce, the local error satisfies the inequality

(r) < TC(1) = 21073 T,

i the relative local error the inequality
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Suppose that in the interval 1 j_tk < 20 it is required to have locally an
absolute error less than 10_9 and a relative error less than 1%. Then we

see that the allowed time step in the interval 1 < t, < 20 increases li-

k
nearly from .005 at tk = 1 to .05 at tk = 10 and decreases as 1/2t, from

k
.05 to .0025 at t. = 20. It is easily verified that it requires less than

500 steps to intleate the interval 1 < t < 20 with polynomials of type
Pn(81z), whereas the polynomials Pn(z) requires 19000/B(n) steps, B(n) being
a stability parameter associated with Pn(z) (see [11], formula (2.25")).
For instance, Euler's method (B(n) = B(1) = 2) requires 9500 steps, a factor

19 as much.

3.2 Weak and strong stability

According to the stability definition given in [11], section 2.4, the

scheme generated by Pn(61z) is stable when
(3.1) o(P (8,7D)) < 1.

Furthermore, it was shown that in cases where O(Pn(B1TD)) = 1 the global
srror may increase at least linearly with k and is proportional to the
naximal local error. Nowever, when U(Pn(81(TD)) < 1, the global and local
arror are of the same order of magnitude as k > ©., These cases are sometimes
listinguished as the weakly stable and strongly stable case (compare
)'Brien, Hymen and Kaplan [10]), In using polynomials Pn(B1z) with 81 <1,
vhich produce relative large local errors, it may be advisable to choose
?n(z) such that G(Pn(S1TD)) is less than 1 in order to make the scheme
strongly stable.

For example, when D has only eigenvalues with negative real parts, the
>olynomial Ah(81z) generates a strongly stable scheme, provided that B,
is less than, instead of equal to, 2.63/tc(D).

In cases where.Dhas real negative eigenvalues it was recommended in
-11] to use the polynomial Tn(1+x/n2). We shall give a theorem which defines
1 strongly stable modification of Tn(1+x/n2). For that purpose, we need the

zoncept of the condition of a matrix.
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finition 3.1

e spectral condition number s(D) of a matrix D is defined by

.5) s(D) = g ’f_}l&;‘ )

rthermore, we introduce the quentities

2n

: 6) w. = S+1 w. = VS(D) ;S(D; ) N
le - “"’ 9 - °

0 s(D)-1 1 n2(./s(_f)-1) tanh 2n

V/s(D)
.eorem 3.2
. polynomial
T (w +w.z)
_ n''0 1
Pn(x) T wo)

s the following properties:

) It is first order exact.

)) It satisfies the stability condition t < 8(n)/s (D), where

’ 2n

tanh S
2n
;szDs

B (n) ~n 2n2 as s(D) > =,

:) The spectral radius of Pn(TD), T satisfying the stability condition,

is given by

1

cosh’%‘;%ﬂ

1) Of all first order exact polynomials of degree n in X, Pn(x) has the

G(Pn(TD))%

1allest maximum norm over the interval -8(n) < x < -8(n)/s(D).

roof See [10], p.39 ff.

For a discussion of this theorem we again refer to [10], p.39 ff. Here,

1ly the explicit expressions for the polynomials P2(x) and P3(x) are given:




_
>,
P2(x) =1+x+—5 x<,
2W0 -1
<
12"? 2 ’*W? 3
P3(x)=1+x+‘—2——x +—-——2———-—x.
hwo -3 wo(hwo - 3)

~

latching accurate and stable schemes together

is was already observed at the beginning of this section our aim is to

: the coefficients Bj(r) such that for an arbitrary time step the scheme
ible and has a minimal local error as well. We are now in a position
more specific. We have at our disposal difference schemes which are,
given degree n of the generating polynomial, as accurate as possible
-Kutta methods) and we possess unconditionally stable schemes. The

itep is to match these schemes together in order to obtain a scheme

is as accurate as a Runge-Kutta method as T > 0 and which is stable

restricted time steps.

igenvalues with negative real parts

uppose that it is known that D has its eigenvalues in the negative
lene. Further, let an estimate of o(D) be given. Then, the following

mial can be used for an arbitrary time step t:

Ph(Z) = 4)(z) if = 5;%5)‘ R
<

p(=) = &, By ) it 2 Sy s
N

B is a constant less than 2.63.

ote that the coefficients Bj of Ph(z) are changing continuously when

eases, so that the local errors are also changing continuously.

egative eigenvalues

uppose that the eigenvalues of D are negative. We then can construct
gradual transition from the Runge-Kutta type polynomials to the un-
ionally stable polynomials.




17

We start with an n-th order Runge-Kutta method. In an actual computation,
is scheme can be used until the time;step T, prescribed by a local error
alysis, exceeds the maximal step allowed by the stability condition of the
reme. Then, by changing the coefficient Bn the stability properties improve
til a certain critical value is reached. Figure 3.1 shows how the new

lue of Bn is determined for a given value of T. v
A

~

E > Bn(r)
|

B,=Max 1 _.(x) .

Y
™

| —Té(D) l '}\\\
ln—J(x)

g. 3.1 Determination of Bn(r).

; rn_1(x) and ln_1(x) be the functions defined in [11], formula (6.2) and
; T be the prescribed step. Then, we see from this figure that

7

By(e) = 1 for r_(~ta(D)) > &, ,

9)

B (t) = r__.(-10(D)) for Max 1n_i1(x) <r__,(-10(D)) < %! )

X -

N

+ scheme which arises for the critical value Bn = Max 1n 1(x) is just the
:1)=-st order Runge-Kutta scheme with one stability ferm as treated in £11],
'tion 6.2.

'ing the transition of Bn from 1/n! to Max ln_1(x), the local error is

roximately given by X

1 n+1 v (n+1) 1 n ~v(n)
10) pk(T) v (n+1)! T °k + (nl - Bn)-r ®x
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When the value rn_1(-To(D)) drops below Max 1 1(x) the scheme becomes
. . ) x -
unstable. To restore stability we have to change both Bn and B 1° Figure
n_

3.2 explains how Bn(T) and Bn 1(T) are determined. v
- A

- B 1

' n-1 (n-1)!

ln—2(x)

ig. 3.2 Determination of Bn(T) and Bn_1(1).

.et P be that point in figure 3.2 which has the coordinates (-to(D),
L .(-1t0(D)), T being the desired time step, and let y = ax + b be the

n-2
line through the point P which is tangent to the curve y = r .(x).
are set equal to a and b, respectively.

n-2

Then the coefficients B and B
n n-1

This yields
/
(3.11) i

By_q(1) = 1 _,(-10(D)) + 10(D) r} ,(x),

N

there X, is the solution of the equation

1

(3.12) rn-2(x0) = rn_z(xo)xo + 1n-2(-T°(D)) + TG(D)r; (x.).

=270
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. - .
n the line y = B x + 8 touches bgth rn_z(x) and ln_2(x) we have the

n-1
2)-nd order Runge-Kutta method with two stability terms discussed in
], section 6.3.

As soon as the line y = an + Bn- intersects the curve y = ln-2(x) th

1
eme becomes unstable and one has to change the three coefficients

B

and B .
n-1 n-2
In this way we may proceed until we arrive at the unconditionally stab
ynomials discussed in the preceding section. However, the consideration
ome increasingly more difficult. Therefore, we restrict our attention to
cases discussed above.
This section is concluded with an application of the preceding ideas t:
ynomials of second and third degree. In table 3.1 and 3.2 the coefficien

1) are explicitly given.

le 3.1 Py(x) = 1+ 8, (t)x + BQ(T)xg
Range of ta(D) 81(1) 32(T)
1
[0, 2] 1 >
[2, 8(2)] 1 1
s TU(D)
2w2
B§22 2 1
[B(2), =] g (1) ——
to(D) 1 2w§ -1

parameters Wy, Wi, B(2) and B(3) occurring in these tables are defined
formula (3.6) and theorem 3.2.
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3.2 PS(X) =1+ 81(T)x + QQ(T)x2 + 83(T)x3
of wo(0) | 8,(x) 5,(0) 6 (0

1 1
4] 1 > 3
, 6.271] 1 1 [TO(D)]2 - 210(D) + L

2 2[10(D)]3
, 8(3)1] 1 2[ro(D) - 2] 1 621

10(D)L10(D) - v210(D)] L P2t
2 3
12w hw
’oo] ﬂ_fﬂ_ 32( ) 1 83( ) 1
10(D) AN uwg _ 3 1T Wo(hwg 3

-point approximations of the exponential operator

The method of changing parameters takes into account that the solution

+ differential equation may behave quiet differently in the interval
.egration and is, for that reason, appropriate to integrate equations

have widely separated eigenvalues. In many cases, however, the eigen-

i of the matrix D are not only widely separated, but moreover, they

: placed in two groups, a group of "small" eigenvalues, and a group

rge" eigenvalues. By using this property one can again save computer time.
11 consider two important cases; firstly, the case where the eigen-

i occur in two clusters which are situated near the origin of the

le and at a point x = -b, b >> 0; secondly, the case where the cluster

: =b is split up into two clusters of conjugate complex eigenvalues.
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1 The two-cluster method

We assume the generating polynomial Pn(x) to be of the form

p+1 _
Pn(x) Ap(x) + x Bq(x), n=p+q+1,

b 1)

1.2
Ap(x) T+ x+5x" + ..o+

1d we recall that the generated scheme is stable when
+.2) lp(x) f_Bq(x) f_rp(x), X = Tsj, jJ=1,2,...,m,

lere the 6j are the eigenvalues of D (compare [ 11], formula (6.2)).

Let T be prescribed by an accuracy condition and suppose that t
xlues of %6j can be placed in two clusters centered at x = Tdr n 0
= Tﬁl, respectively. Let b = - 161, then the polynomial Bq(x) shot
10sen in such a way that it remains between rp(x) and lp(x) in the

surhood of x = 0 and x = -b (see figure L4.1).

~
>

- (p+1)!

lp(X)"

ig. 4.1 The functions a;(x) and Bq(x)
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ditional condition to be imposed on Bq(x) is that for b > 0 Bq(x)
ymptotically equivalent to the function

X

e - A (x)
(x)=___p_p+1 , =b < x < 0.
X

L
a

wise, the scheme is not a consistent approximation of the differential
ion. In order to meet these conditions, we identify B (x) with the
g+1 terms of the Taylor expansion of a (x) at x = —b? Note that for
negative values of x the functions a;XX) resembles the average function
introduced in [11], section 6.L4. Here, we cannot use ap(x) itself,
se it becomes singular as b - O.

For future reference some of the corresponding polynomials Pn(x) are

explicitly.
/
-b
P2(X) - 1 +x+e___’;_.i-_2x2’
b ,
e_b(b+3) -3+ 2p 2 e_b(b+2) -2+b 3
P3(x) =14+ x+ 5 X+ 3 x7,
J b b
-b 2
P3(x) =1+x+ 3 x2 + —2e +2 g 2b + D x3,
2b
—eP(bth) + B> - 3 + L 3
Ph(x) =1+x+3x" + x~ +
. b3
+ -2e'b(b+3) + b2 - Ub + 6 xh
\ 2bh

In fact, the choice of Bq(x) as given above means that we approximste
a polynomial Pn(x) which is a two-point Taylor expansion of e* at

and x = -b (see figure 4.2). The idea of such an "exponential fitting"
lready - used by Pope [20] in 1963, Fowler and Warten [ T] in 1967,
iniger and Willoughby [17] also in 1967. The methods of Pope and
r-Warten are both based on the polynomial P2(x) mentioned above.

er, Pope used a Taylor expansion of the operator eTD instead of the

r e—b and Fowler and Warten used a diagonal matrix representation of
Liniger and Willoughby considered "exponential fitting" in connection

implicit one-step methods.
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fig. 4.2 Generating polynomial Pn(x)

.2 Regions of stability of the two-cluster method

It is of interest to know how far the stability regions, located at
= -b and x = 0, extend along the x-axis for values of b. We shall consider
he cases p = 1 and p = 2.

Since b is supposed to be large we may replace a (x) by ab(x) and apply
he method of analysis given in [11], section 6.4. In this way we get in-
ormation about the stability region at x = -b.

When p = 1 we may write

5 ¥ boj-1 ,x+by
b.L) a, (x) ~ a1(x) = JZO —;g— (ECT) o Bq(x) + Rq+1(x),

nere the remainder Rq+1(x) has the properties

q+1
b-g—2 (_ by (xtb, , X > -b

b2 -X b
b5) IR <
q+1
b q22 (_ X;b) , X -<- -b.
b
ne stability region at x = -b is determined by those two zeroes x, and x,©of

1 2




2L

,
4.6) Ry ()] = 45

»

hich are directly to the left and to the right of x = -b. From (L.5)
nd (4.6) we have ‘

[ q+1:| [ :
= - - - - q+1
X, b‘_ 1 ('xg b-q— b 1 b s

B 2 q+1
x = -b 1+( ] -bl:1+bq+1 )
1 — x; (b-q—e)

lence, the width dl(b) of the left stability region is approximately given

k. 7) )

Y
q

1.8) a,(0) = |x, - x| ~2 vt CO IR

Then this criterion is applied to a cluster of eigenvalues Gj with its

:énter at 84 and a maximal diameter dGl we obtain the stability condition

4.8") T < -2—(—1-*;1—1-6-_1;11' .
(as )4

Mhis condition guarantees that the eigenfunction cdmponents in the discret-

ization error, which correspond to eigenvalues of the cluster (Gl,dél),

io not increase in the numerical calculation.

For p > 1 a similar analysis can be given. When p = 2 the final

result is
a-1
4.9) a,(®) v 2 b, b > 1,
gt g-1
2 2
2° |6
’4.9') T < —:.L.__.._
- ati1
2
(as;)

Next, the width of the stability region at x = 0 is estimated. From
formula (4.4) and [11], formula (6.16) it follows that for large values
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>f b and |x| z< b

(4.10) Bq(x) v

gt1l .
b if p

2'

lence, the stability region covers at least the stability region of Ap(x),
p=1,2, i.e. the interval [-2,0] (compare [11], figure 3.1). For a cluster

of eigenvalues of diameter dGr this gives rise to the stability condition

2

as_ °
r

(L.11) T <

Before we draw conclusions from the results given above we first

consider the accuracy of the difference schemes.

4.3 Order of accuracy of the two-cluster method

From (4.3), expressions for the local discretization error pk(r), as
jefined in [ 11], formula (2.14), are easily derived. In table 4.1 the
first terms of the Taylor expansion of these expressions are given,

together with the stability conditions derived in the preceding subsection.

Teble 4.1 Discretization errors and stability conditions for the

polynomials (4.3).

2,D) pk('r) stability conditions
2.1) 3 13[’\'(3) 131({2)] T _<__d§l
L8, |
1 bev(l) v(3), 2v(2) 1
3.1) S5 T Loy - 28.cy 1% 3 T i—(ds 2
- T
1 boo(l) v(3) /[ 2 ' r
3.2) S5 T Loy =810 ] T < T_T_—Gl 35
A5 'V(S) 'b(h) 2N(3) 2
R T B R
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Pable 4.1 shows that the corresponding difference schemes are respectiv-
yf order 2, 3, 3 and 4. However, the error constants may be very large

> the large value of IGll. For instance, of the schemes characterized
,p) = (3.1) and (n,p) = (3.2), although both of order 3, the latter

in general have a considerable smaller error constant.

lhe stability conditions associated with these schemes are very weak,
jed that the cluster diameters dél and dﬁr are relatively small. As
lustration we consider the case where dGl and d6r are at most 1/10

> spectral radius o(D). We then get for the maximal allowed effective
step (Teff = 1/n), respectively (o(D) n léll)

) 10 6.67T 1.5

5
5(D) ® (D) * o) ®¢ 5[y -

swever, the cluster diameters are only 5% of the spectral radius o(D)

ad the considerably larger steps:

20 13, 2.1 10

, 3
) S * o * o =5y -

ear, we observe that for comparable diameters of the two clusters, it

W

right hand cluster which prescribes the maximal allowable time step
cases (3.1) and (3.2).

Finally, we remark that the eigenvalues Gj may have imaginary parts.

w

re cluster at the origin this immediately follows from the stability
as of A1(z) and A2(z). Only when purely imaginary eigenvalues are

at, the two-cluster methods described above become unstable unless
sufficiently small. To obtain stebility for large values of b we have
art with polynomials in which p > 3. Complex eigenvalues in the left
er leads us to the three cluster method.

The three-cluster method

In this section the case is considered where the eigenvalues can be
1 in a cluster at § = Gr'b 0 and in two clusters centered at § = 8,

= 61. We try to fit the polynomial
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_ 2 3
P3(z) =1+ 2z + BZZ + $3z

ith the exponential function e? at z = 16_, thus

l’
18

1_
4.13) e = P3(161).

ote that two coefficients 62 and 83 are needed in order to satisfy (4.13)

ith real values of 62 and 83.
quation (4.13) may be written in the form
161
e -1 = TGl
1 =
4.13") 82 + 63 TGl 5%

8
T
1¢

riting 161 as b e ' and equating real and imaginary parts we obtain

8 = 1§.+ 2 co; ¢ . eb cos ¢.sin(b2sin ¢ - 2¢) ,
3 b b b sin ¢
L. 1k) 9
_-2cos ¢ L cos2¢-1 b cos ¢ sin(b sin ¢ - 3¢)
By =7 v - 2 "¢ : 2 :
b b sin ¢
~N

When b cos ¢ << O the last term in these expressions for 82 and 83
&y be neglected. From a practical point of view this means a considerable
aving of computertime, as the exponential function is very expensive.

Further, when b is small we compute 32 and 33 by means of the following

pproximations:
/
1 1 .2 _1 1 2 2
v Tz E alT
L, 1h4t)
1.1 _1 ., 1
63 Vg + 12 b cos ¢ = 3 + 12 Re 61 T
N

These approximations may also be used to estimate the local discretization

wwrror as Tt > 0. We have
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R O

L (W)
2 k 6 3 ¢

1 1

1 2 v(2) v(3) | (b)) b
v o3 (!6l| ¢, ' - 2Red, ¢ty )T .
(4.14) defines a third order accurate difference scheme.
[n order to determine the stability region at z = 161 we write P3(z)
» equivalent form
2.2
T 61)

P3(z) = P3(161) + (z - 161)[(1 + 262 161 + 383

2
+ (8, + 38, 76)(a - w6 ) + 80z - 16))%].

3
, the case sin ¢ = 0, b cos ¢ << O will be considered. From (L.13)

+.14) it follows that in the neighbourhood of z = -b, P3(z) can be written

P.(z) v (2 +B)|(- 2+ )z +0) + (5 -5z + ).
3 b 2 2 3
b b b
la (4.8) indicates that the stability region contains a circle of

3 O(%EW. Therefore, let us restrict z to the circle
) |z + b| < /b.

is circle P3(z) can be approximated by

2
: z + b
P3(z) n - = .
R |P3(z)| < 1in circle (4.16). This means that (4.16) defines the
lity region when sin ¢ = 0. Note that (4.16) has the same diameter as
tability interval derived for the case of real eigenvalues (compare

la (4.8) with q = 1).
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xt, we consider the case sin ¢ ¥ 0, b cos ¢ << 0. From (4.1L4) it follows

at

~

P3(z) v (z - TGl)-(1 + 28 16 + 38 25 ) - 0o(= 5]

= (z - 161) 21 eiq> sin ¢ + 0(%§]~

is leads to the stability circle

1
L 17) |z - TGll im.

en this criterion is applied to a cluster of diameter dél we obtain the
ability condition
-.18) T < L

—-dél sin ¢

This condition indicates that the maximal allowed time step becomes
wller when the cluster of eigenvalues is at a larger distance of the
.8l axis. For example, when ¢ = 2m/3 condition (L.16) becomes Tt 5_1.1h/d61,
ile for ¢ = 5n/6 it becomes T 5_2/d61.
. for the cluster near the origin, the polynomial behaves as 1 + z (b >> 1),
mnce the stability region at this part of the z-plane equals the stability
ygion of Euler's method. This means that purely imaginaryeigenvalues near
le origin cannot be treated by the three-cluster method as described here.
; was already observed in the preceding section we then have to start with
>lynomials of the type A (z) + B P+1 + B 4o p+2, where p > 3.

In figure 4.3 and k. h the stablllty regﬁons of the polynomial P (z)

‘e given for some values of b and ¢.




30

4 161
6 gt
dldm e w - wu-
H =8 eumw
<+ 121 .
b=16 ¢=2L 2i
6
81
Li i
b=16 ¢=T7
: “ “ 0
0
-20 -16 -12
fig. 4.3 Left hand stabilitv regions fio. L.l Richt hand ctohilitr mamiAna
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'« Remarks on the location of the eigenvalues of the operator D

‘The application of the methods described in [11] and the preceding
ections requires some information about the eigenvalues of D. For instance,
‘hen Chebyshev polynomials are used the eigenvalues have to be real or
'almost real" and, in addition, a rough knowledge of the value of o(D) is
‘equired. The application of the schemes described in [11], section 5.
resupposes purely imaginary eigenvalues and again an estimate of o(D) is
esired. In the two- and three- cluster methods the location of the left
.and clusters is required with some accuracy.

In the analysis of matrices a large number of useful theorems is de-
‘eloped which give such information. We mention the works of Bodewig
1 1, Zurmihl [24], Marcus [18].

n this section we give an additional method which enables us to calculate
pproximately the center 61 of a-left hand cluster in the first step of

he integration process. This method only applies to cases where the eigen-
-alues can reasonably be placed in two of three clusters in the sense as

escribed in the preceding sections.

‘w1 Determination of 61 in the two-cluster method

Our starting point is the representation

GlT
BB el O

re

5.1) U (t,+1)

Y
'or the integral curve U' through the point (tk,uk). In section 2 it was
hown that this representation holds for the initial part of the curve,
rovided that the eigenvalues of D occur in two widely spaced clusters near

he real axis.

'heorem 5.1

hen (5.1) is a reasonsble representation of the local analytical solution,

hen the value of 61 satisfies the relation

5. o(2)  (3)

5.2) 1 % o
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of
m the definition of ciz) and cé3), and formula (5.1) we have
-
2
(2) a° o v 2
c ==—=1U'(t,) =6-C,
k dt2 k 1l 'k
3) <
(3) _ a3 v 3
c =—10U'(t,) =62 ¢C,.
\\k dt3 k 1l 'k

m these relations (5.2) immediately follows.

(o) ,_ (1) .
e that Cy (= uk) and Cy determine the values of Ak and B, .

k
Formula (5.2) determines 61 more accursete as (5.1) is a better
resentation.

When we deal with a single differential equation we simply have
(3)
°k

1 cie) )

e

2') s

In dealing with systems of equations (5.3) is an overdetermined set

equations. One possibility is to choose 51 such that the value of

| o -

minimized. For the Euclidean norm || ”2 this leads to
(2) ,(3)
o) o (Qk 2Cye
bR
k 2

ther possibility is to allow §. to be a diagonal matrix instead of a

1
lar. The derivation of (5.2) is not changed when the scalar 61 is re-

ced by a matrix §,. Hence (5.3') now determines the diagonal entries
61.

It may be remarked that the calculation of 61 does not depend on the
ticular difference scheme used, but only on the value of the constants

) ana o).
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For linear systems, considered in this paper, Gl can be determined
ce and for all, because it does not depend on k. In practice, one cal-
lates 61 in the first integration step. In dealing with non-linear
uations, 61 depends on k and is to be determined every integration step.

We now give some examples of the calculation of 61.

.ample 5.1

nsider again the initial value problem (see section 2.1)
) ¥ = - 1000 ¥ + 2, ¥(0) = Uy

lere ﬁO is the initial value of the solution ﬁ(t).
wiously, the value of 61 is - 1000.

1t U be the computed solution at t = tk. Then we have from [11], formula

2.7T)
(2) _ (1) _ .6 -3,2 -6
c, = - 1000 Cy + 2 tk = 10 [uk - 10 ~t k + 210 tk],
c§3) = - 1000 céz) + 2.
snce, one would find according to formula (5.3)
n 2 2-10'6
5.5) §, = - 1000 + = - 1000 + .
1 o(2) _ 1073¢2 + 21070,
k Y k Kk
1is approximation becomes incorrect for small values of céz) or more

recisely, when it happens that

5.6) w = 10'3(t2k - 210‘3tk).

>w it is easily verified that the analytical solution of (5.4) is given by

6

¥ = 1000t (ﬁo _ 2107 + 1073(£% - 21073 + 2107°).

aus, when the difference scheme used is an accurate one, as it should be,

e calculations finally lead to a situation in which (5.6) is satisfied,




3y

namely

-3(t§ - 240‘3tk) + 21077, £, >> 10

-3
k .

u = G(tk) 2 10

From this we draw the conclusion that 61 is to be determined in the f

steps of the integration process.

Example 5.2

Next we consider a initial value problem for two differential equatio

namely (compare problem (2.5))

(’\4 n n
U=DU+F, U(O) = Uy
(5.7)
< -500.5 L499.5 2 -1
v 1
D= , F = s Uy = 10
499.5 -500.5 2 1
N /
The eigenvalues of D are § = -1 and §, = -1000.
r 1
From the definition of céz) and c£3) we deduce that
N N T C I NS
For k = 0 this leads to
-105 -2 108 + 2
[(2) _ ) .
0 5 0] 8
107 - 2 =107 + 2

Applying formula (5.2') we should find

(5.8) 6 ¥ _1000 (1 - 410”19y,

while interpreting 61 as a diagonal matrix we should find
1 - 21077 0

—(5.8") 6, = -1000 .
0 1+ 210"
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2 Determination of 61 in the three-cluster method

When the eigenvalues of D occur in one cluster near the origin and in
o other complex clusters with large negative real parts, the local analy-
cal solution behaves as (compare formula (2.10))
§.t+iy 8, t-iy
1 + e 1 C

.9) ﬁ'(tk+r) 2 A+ BT ¥ [% .

eorem 5.2

en (5.9) is a reasonable representation of the local analytical solution,

en RecSl is determined by the relation
2) (4)
+cp

(3)

°x

2
v Iéll c

1

(
.10) Re § k
>

rther, if Im61+ 0

W 3 ()]

C
1) 5,1 2 | =57
[ck 1 -e ey

'oof

‘oceeding in the same way as in the preceding section we find

. 12) ciJ) = Cy [SlJ e ¥+ GlJ e-lf] » J > 2.

lere are four unknowns in these equations, namely Ck’ Ys 61 and Gl. Hence
, need the four equations arising for j = 2, 3, 4 and 5. The equations

srresponding to j = 2, 3 give

(3) L (2) (3) (2)
iy o c - Glck “iy o Cx - 61 Cx
% "7 2 - % T 3 )
51(51 - sl) 51(51 - al)

lere we temporally assume that 61 # 51 or Im 61 # 0.
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bstituting these expressions into equations j = 4 and 5 we obtain

(8, - gl)[j 5131 °§2) - (6 # 31) cé3) * céh?:}g °
- gl)[ 5305, +5) o2 - (8 + B 455 o3 4 °1(<5)}

the first equation relation (5.10) immediately follows, and by substi-
z (5.10) into the second equation relation (5.11) is derived. Further,
61 = 0 we have (compare the proof of theorem 5.1) that 61 = c£j+1)/céj),
at (5.10)also holds in the real case. Note that in the real case (5.11)

2s undetermined.

[n actual computations, an estimate of |61|, for instance one may use
sectral radius o(D), is often available, so that only relation (5.10)

tessary in order to locate the cluster center §

(5)
k

1° As a consequence,

mputation of ¢ is not necessary.

olicit difference schemes

The generating function

[nstead of employing polynomials Pn(z) to generate a difference method,

1y use rational functions Pn(z)/Qm(z) as generating functions. Let

_ 2 n
Pn(z) =1+8,2+ Bz * ... + B2z,

2 m
Qm(z) 1+ a2z + apZ * ...tz

the funection

P (z)
Rnsm(Z) - Qm(z)

ites the difference scheme
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(1)

(m)
W FOT oLt e +>amT Crpq =

6.3)
(1)

_ n (n)
= u + 811 ck + ... + Bnr Ch

(3)
k+1
6.3) is implicit in Uy g In order to calculated W qone first computes -

ince the vector c depends on w_, . (compare [ 111, formula (2.5)), sche

ighthand side of (6.3) to obtain a vector h , and then solves the equatic

k’

§.4) QT = 1y - T8,

here gé+3 is defined by (compare [ 11], formula (2.9'))

(m) m-1
5.5) Bieq = 1B F OB e T T By gl ey

.2 C(Consistency and Padé rational approximations

(3)
k+1
oint t = t, we may write (6.3) in the form

By expanding the vectors c in Taylor series with respect to the

(1)

6.6) Weq =9t (81 - a1)r e, ¥ (62 - §1 - oc2)1:2 céz)

(3)

o - a, - a )T e o

[\O) Y
—

+ (33 -

e have first order accuracy when 81 - a1 = 1, second order accuracy when

n addition, 62 -, -a, = %, and so on. There are n+m coefficients uj
nd 8., hence the maximal order of accuracy is n+m and is obtained when i
6.6) the coefficients of c(j) are equal to l— for j = 1,2, ... n+m, The
orresponding generating functlon R (z) tugns out to be a Padé rational
pproximation of exp(z) compare Varga [23] p.266 and Calahan [3 ]). In

he following table several Padé approximations are listed:
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Table 6.1 Padé rational approximations of exp(z)

n=20 n=1 n=2
1 1+ z 1+ 2z + —22
1 2 12

1 +

b 1 pY: 1+§z+g-z

; 1 1

1 - 5% 1 - 3%
1 1+ 12 1+ lz + 1_22
15 3 2 12
1oz 1 -2, 4+ 152 1-1 41,2
3 6 2 12

)f course, other approximations, which are consistent without possessing
imal order of accuracy, are possible. For instance, the idea of exponen-
’itting can also be carried through for rational approximations (see

;r and Willoughby [17], and Liniger [16]).

legions of stability

fost implicit difference schemes are stable for unrestricted time steps.
.ustrate this we give for the case where D has negative eigenvalues

.e of values of the parameter B(n,m) occurring in the stability con-

-




Table 6.2 V

m=20
m=1
m=2

m this table we se
ble. Here, the sch
re condition.

practice, implicit
ion time necessary

e of taking steps
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>f B(n

not e

rrespo

es are
lve eq

are no

the real case

= 1 n=2
2 2
o 6

mplicit scheme is uncondition-

with n = 2, m = 1 has a relati

mended in those cases where th
(6.4) does not nullify the
ted by stability consideration
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